The Hirato bilinear method is extended to construct quasi-periodic wave solutions for the Kersten-Krasil'shchik coupled KdV-mKdV system. One-and two-periodic wave solutions are obtained by means of a multidimensional Riemann theta function. The asymptotic property of the quasi-periodic wave solutions is proved. It is shown that the quasi-periodic wave solutions reduce to the soliton solutions in an asymptotic small amplitude limit.
Introduction
Nonlinear evolution equations (NLEEs) play important roles in many areas of science, and their study goes back a very long time. A variety of effective methods for constructing exact solutions of NLEEs have been developed, including the inverse scattering method, the Darboux transformation, the Hirota direct method, the algebro-geometrical approach [-], etc. Among the aforementioned methods, the Hirota method has proved particularly powerful. Once the corresponding bilinear form is derived, multi-soliton solutions for a nonlinear equation are usually obtained in a systematic way. Recently, many generalizations of the Hirota method were developed. For example, a multiple exp-function method is proposed and provides an efficient way to an exact multiple wave solution procedure that generalizes Hirota's perturbation technique [, ] . The resulting multiple wave solutions contain resonant solitons and a linear combination of solutions of exponential waves, the latter of which presents an idea to construct linear subspaces of solutions for nonlinear equations. The Hirota bilinear method has been generalized to a broad class of nonlinear equations [] and the links with Bell polynomials were established [] . It is interesting to note that the linear superposition principle can also apply to Hirota bilinear equations and present their resonant soliton solutions [] , which is a special case of using the Riemann theta functions. Based on the Hitota bilinear method, Nakamura proposed an approach to quasi-periodic wave solutions of nonlinear equations [, ] . This method uses the multidimensional Riemann theta function directly and does not involve Lax pair representations and the complicated calculus on Riemann surfaces for the equations con- In this paper, we would like to consider the following coupled KdV-mKdV system:
which was proposed as the classical part of one of superextensions of the KdV equation
by Kersten and Krasil'shchik [] . Taking v = , we have the KdV equation
while for u =  we get the mKdV equation applied the Bell polynomials to derive its bilinear form and N -soliton solutions [] . However, to the best of our knowledge, the quasi-periodic wave solutions for the system (.)
have not been investigated. In the following, the Riemann theta function and the Hirato bilinear method will be applied to construct one-and two-periodic wave solutions for the system (.). In addition, a detailed asymptotic analysis procedure to the quasi-periodic wave solutions is presented and the relation between the quasi-periodic wave solutions and soliton solutions is established.
This paper is organized as follows. In Section , we briefly introduce some main points on the Riemann theta function. In Section  and Section , we construct one-and twoperiodic wave solutions for the coupled KdV-mKdV system based on the Riemann theta function and bilinear method. Furthermore, the relation between the quasi-periodic wave solutions and soliton solutions is investigated. Finally, some concluding remarks are given in Section .
The bilinear form and the Riemann theta function
To begin with, we introduce a useful bilinear form of system (.). Under the dependent variable transformation defined by []
where f * is the conjugation of f , system (.) is transformed into the following bilinear form:
Following the Hirota bilinear method, the one-soliton solution for system (.) is of the form
where η = αx -α  t + σ and α, σ are free constants. The two-soliton solution for system (.) is denoted by
and here α j , σ j are constants.
To construct quasi-periodic wave solutions of system (.), it is necessary for us to consider a generalized form of the bilinear equation (.). Assume the solution of (.) takes the form
where u  is a constant solution of (.). Submitting (.) into (.), we get
where c = c(t) is an integration constant. The constant c is vital in the construction of quasi-periodic solutions because elliptic functions do not usually satisfy equations with zero integration constants.
In the following, we will construct quasi-periodic solutions for the bilinear equation 
where
From equations (.) and (.), we see that if
are satisfied for all possible combinations μ  = , ; . . . , μ N = , , then ϑ(ξ , , |τ ) and ϑ(ξ , , |τ ) are quasi-periodic solutions of the bilinear equation
The coupled bilinear equation (.) is more difficult to deal with than a single bilinear equation due to the appearance of two equations. The following proposition plays an important role in constructing its quasi-periodic wave solutions.
Proposition  [] Let C(μ) be given in (.), and make a choice such that
is an even function of the form , |τ ), f and f * can be written as the following Fourier series in n:
then C(μ) vanishes automatically for the case when N j= μ j is an odd number, namely
C(μ)| μ = , for N j= μ j =  mod . (.) () If H(D x , D y , D t )
is an odd function of the form
H(-D x , -D y , -D t ) = -H(D x , D y , D t ),
then C(μ) vanishes automatically for the case when
where the phase variable ξ = kx + lt + γ , and the parameter τ > .
Construction of one-periodic wave solution
In order to get the one-periodic wave solutions of the bilinear equation (.), we substitute (.) into (.), thus for i = , 
According to Proposition , due to the fact
is an even function and C  (μ = ) = . Therefore, if the following equations are satisfied:
the Riemann theta functions (.) are exact solutions of equation (.). Taking ρ, ϑ  , ϑ  of the form we transform equation (.) into a linear system about l and c
Solving equation (.), we get
In this way, we get a one-periodic wave solution of system (.),
where ξ = kx + lt + γ , l is given by (.) and the other parameters, k, τ , γ , and u  , are free. A one-periodic wave solution is determined by the two parameters k and τ . Figures  and  show one-periodic waves of u and v for one choice of the parameters, respectively. From Figures  and , one can see that the one-periodic wave solution of system (.) is one dimensional and has two fundamental periods,  and iτ , in ξ . It can be viewed as a parallel superposition of overlapping one-solitary waves, placed one period apart.
Asymptotic property of one-periodic waves
In the following, we will investigate the asymptotic properties of the one-periodic wave solution (.). The relation between the one-soliton solution (.) and the one-periodic wave solution (.) is given by the following theorem. 
Theorem  Suppose that
in which α and σ are the same as those in (.). Then the one-periodic solution (.) tends to the one-soliton solution (.), namely
Proof We expand the coefficients of system (.) into power series of ρ
Assume that the solution of system (.) takes the form
substituting equations (.) and (.) into equation (.) and letting ρ → , we get
From (.) and (.), we have
In order to verify that the one-periodic wave (.) tends to the one-soliton solution (.) when ρ → , we expand the function f in the form
It follows from (.) that
Therefore,
we conclude that the one-periodic solution (.) tends to one-soliton solution (.) when ρ → .
Two-periodic wave solutions and asymptotic properties
Let us consider two-periodic wave solutions for the coupled KdV-mKdV system (.). In the case of N = , we take f and f * as
T . τ is a positive definite and real-valued symmetric  ×  matrix, which can be written as Therefore we conclude that the two-periodic solution (.) tends to the two-soliton solution (.) as ρ  , ρ  → .
Construction of two-periodic waves

Conclusions
In this paper, the Kersten-Krasil'shchik coupled KdV-mKdV system is investigated. Based on the Hirato bilinear method and the Riemann theta function, the one-periodic and twoperiodic wave solutions for the system are constructed. In addition, the asymptotic properties of the quasi-periodic wave solutions are proved. It is shown that the quasi-periodic wave solutions converge to the soliton solutions in a small amplitude limit. It is natural to ask whether we can get multiperiodic wave solutions in the case of N > . However, the solvability of system (.) is the key to the construction of multiperiodic wave solutions. As the number of unknown parameters is less than the number of equations, we cannot get multiperiodic wave solutions directly when N > . How to get multiperiodic wave solutions when N > ? Such a question will be investigated in the future.
